The main result presented here is that the flow associated with a riemannian metric and a non zero magnetic field on a compact oriented surface without boundary, under assumptions of hyperbolic type, cannot have the same length spectrum of topologically corresponding periodic orbits as the geodesic flow associated with another riemannian metric having a negative curvature and the same total volume. The main tool is a regularization inspired by U. Hamenstädt's methods.
Introduction
The problems of entropic and spectral rigidity of riemannian manifolds have been widely studied, beginning with the surfaces [23] . The works treat riemannian metrics on compact surfaces [7] , [9] , [27] , on higher dimension manifolds [1] , [2] , [8] , [12] , or on surfaces with singularities [21] . The related problem of boundary rigidity of a riemannian metric features many results [25] , [30] , [31] . The rigidity of an absolutely continuous flow conjugacy persists in some way with the presence of a magnetic field on a compact surface [17] , and so do entropic rigidity in this case [18] . The topological entropy of the magnetic flow in higher dimension has also been studied [29] , [6] .
Unlike the geodesic flow, a conjugacy being only continuous (in fact Hölder-continuous) between two magnetic flows on a surface had not been treated.
When the surface is compact and the Jacobi endomorphism [14] of the magnetic flow is negative, this flow has got the Anosov property [16] ; two such flows have got the same marked length spectrum of periodic orbits if and only if they are C 0 -conjugated [17] . The main result presented here is that the flow associated with a riemannian metric and a non zero magnetic field on a closed surface, if it has got a negative 1 Jacobi endomorphism, cannot have the same marked length spectrum as the geodesic flow associated with another riemannian metric having a negative curvature and the same total volume. The assumption on the equality of the total volumes is essential [17] . t have the same marked length spectrum, and if the surface M has the same total volume for the two metrics, then the two metrics are isotopic, which means that one is the image of the other by a diffeomorphism f of M homotopic to the identity, and the magnetic field κ 1 is zero.
The proof consists in coming back to the known case where there exists an absolutely continuous conjugacy between the two flows [17] . The proof of the regularity of the conjugacy is inspired by U. Hamenstädt's methods [19, 20] . We construct linearizations of the universal covering of the surface, compatible with the stable spaces of the flow. This is useful to proof that the Lyapounoff exponents of the periodic orbits are preserved (theorem 10.1), which ensures that the conjugacy is smooth [24] . The regularity of the conjugacy used to proof the theorem 10.2 is valid in general for two magnetic flows (we denote T 
A uniformization of a surface equipped with a metric with negative curvature has already been constructed [13] ; it applies to an Anosov flow on a 3-manifold, but with the condition that the stable spaces be of C 1 -class, which is unlikely for the magnetic flow [28] . The uniformly quasiconformal diffeomorphisms present another example of uniform structures on stable spaces [22] .
It seems legitimate to ask if the construction presented here is practicable for other flows whose stable spaces are not necessarily of C 1 -class, and particularly to which extent a C 0 -conjugacy between two such flows could be differentiable.
Given a manifold M , diffeomorphic to R 2 , with a magnetic flow having a negative Jacobi endomorphism and having the gradient of centre-stable and centre-unstable spaces uniformly bounded, and given a point p ∈ M , and a unitary vector v ∈ T 1 p M , the linearization E v (defined in section 8) sends M onto T p M ; the geodesic directed by v onto the straight line Rv ; and the horocycles associated with the centre-stable manifold of v onto the straight lines orthogonal to v. This linearization, used as is, presents a little rigidity. Theorem 10.3 Let M be an oriented surface diffeomorphic to R 2 , equipped with two C ∞ -riemannian metrics g 1 and g 2 whose curvatures are negatively pinched : −k
and ψ 2 t = ψ g2,k2 t are supposed to have pinched negative Jacobi endomorphisms (the C 1 -norms of κ 1 and κ 2 are thus bounded), and the gradient of the centre-stable u −,i spaces and the gradient of the centre-unstable u +,i spaces for i = 1, 2 are supposed to be uniformly bounded. If there exist a diffeomorphism f : M → M and a point p ∈ M satisfying
then the two metrics are images one of each other by f , and so are the two magnetic fields :
When metrics and magnetic fields are invariants under a cocompact group, the rigidity of the linearization is stronger in some way.
Theorem 10.4 Let M be a closed (compact without boundary), connected, oriented surface. Let g 1 and g 2 be two C ∞ -riemannian metrics over M whose curvatures are negatively pinched : 
, then the two metrics are isotopic, transported by f , and so are the two magnetic fields :
Using the tools of the construction of the linearization, we also get a result of constancy of (future) Lyapounoff exponents along the centre-stable manifolds (theorem 6.1).
Notations and background
In the following, M denotes a complete, connected, oriented surface, equipped with a C ∞ -riemannian metric whose curvature is negatively pinched : −k The surface M is said closed if it is compact (without boundary). Let N be the rotation of angle +π/2 in the tangent space T M . associated with a magnetic field κ : M → R is [17] :
The flow is a one-parameter group of diffeomorphisms acting on T 1 M . The magnetic field κ is supposed to be smooth.
The Jacobi endomorphism associated with this second order differential equation [14] is the application [17] :
When the surface M is compact (closed), saying that the Jacobi endomorphism is negative is equivalent to saying that it is pinched between two strictly negative constants. In the following, the real function κ : M → R is a magnetic field such that the associated Jacobi endomorphism q satisfies the pinching condition, which means that there exist two positive constants q 0 et q 1 verifying :
Definition 2.1 [17] With the assumption (1), to a vector v ∈ T 1 M are associated the stable j − (v, t) and unstable j + (v, t) Jacobi fields along the orbit of v, with components (
The stable and unstable spaces are determined by the mappings :
The tangential component of the stable space at v ∈ T 1 M satisfies the relation [17] :
Writing
yields as in [18] , section 3.2 : 
the circle at infinity ∂ M admits also a differential structure of C 1 -class ( [17] , section 7). Let v κ +∞ = v +∞ be the point at infinity corresponding to the future orbit of v ∈ T 1 M (and identified with its centre-stable manifold). Given two distinct points x ∈ M and y ∈ M ∪ ∂M , we denote v κ (x, y) = v(x, y) as the unitary vector tangent to M at x, directing the unique curve solution joining x to y (in this order).
3 Liouville measure and symplectic structure on the space of orbits
Let M be a complete connected oriented surface, equipped with a riemannian metric g of C ∞ -class with pinched negative curvature −k
, and with a uniformly bounded magnetic field κ, of C ∞ -class, with its Jacobi endomorphism satisfying the pinching condition (1) . Using the method of the second order differential equations of Foulon [18] , let X(κ) be the generating field of the magnetic flow, H 0 be the horizontal field, Y 0 be the vertical field ; together, they constitute a basis field of the bundle T T applied to the pair of Jacobi fields yields
This is an invariant 2-form under the magnetic flow on T 1 M . It gives a symplectic form on the space of orbits of the magnetic flow. Its absolute value is equal to the Liouville measure on the space of orbits [17, 18] . We have :
for every t ∈ R. This quantity lays between 2q 1 and 2q 0 . ∞ -magnetic field κ whose C 1 -norm is bounded, with Jacobi endomorphism satisfying the pinching condition (1), and such that the gradient of the centre-stable u − (respectively centre-unstable u + ) spaces is uniformly bounded, the geodesic curvature of the stable (respectively unstable) horocycles of the magnetic flow is uniformly bounded. We have W(s, 0) = 0 for all s and
The equations (3), (4), imply
Thus we have for all t ≥ 0 and all s :
With the assumption S, N (T ) (s, 0) = 1 for all s ∈] − ε, ε[, there comes :
We have also :
From the relations (8) and (9) comes :
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In order to estimate the curvature of c, the norm of dw − (v s )/ds should be controlled. The equation (2) gives :
The upper estimate (4) implies :
With the equation (7), this yields for all s ∈ [−ε, ε] :
Let this last constant be written down C 2 . The geodesic curvature of the horocycle c(s) is
From the equalities (8) and (10) we deduce
In conclusion, the geodesic curvature of the stable horocycles is uniformly bounded, and so is the geodesic curvature of the unstable horocycles. ⋄
The proof of the following result is left to the reader as an exercise.
Corollary 4.1 With the assumptions of the theorem 4.1, there exists a mapping f : R + → R + , continuous at 0 and which annulates at 0, such that for all horocycle H of the magnetic flow, every diffeomorphism c :
5 Fluctuation of the stable Jacobi fields Theorem 5.1 Let M be a complete, connected, oriented, simply connected surface, equipped with a C ∞ -riemannian metric g whose curvature is negatively pinched : −k 2 0 ≤ K ≤ −k 2 1 < 0, and with a C ∞ -magnetic field κ whose C 1 -norm is bounded, with Jacobi endomorphism satisfying the pinching condition (1) , and such that the gradient of the centre-stable space u − is uniformly bounded. For θ ∈ ∂M and (p ′ , p) ∈ M 2 , the family of mappings y − (v(p ′ , θ), t)/y − (v(p, θ), t) converges when t grows to +∞, uniformly on the compacts of ∂M × M 2 , to a mapping X (θ, p, p ′ ), continuous on ∂M × M 2 , and which admits a partial derivative with respect to p, p
Proof : Let : For all real numbers r, s, t we have :
The mapping (θ, r, s, t) → y − (v(p θ (r, s), θ), t) is continuous on ∂M × R 3 and admits partial derivatives with respect to r, s, t, continuous on ∂M ×R 3 . Studying the uniform convergence of W when t tends to +∞ is thus sufficient to proof the derivability of X (θ, p, p ′ ) with respect to p ′ . We have Z(θ, 0, 0, t) = 1 for all t, θ, and Z(θ, r, s, 0) = 1 for all r, s, θ ; thus W(θ, s, 0) = 0 for all s, θ. The relation
and the equation (4) imply
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Integrating the last inequality with respect to s gives
Even by changing the horocycle, there comes for all t ≥ 0 and all r, s :
We get for all t, τ ≥ 0 and all s ∈ [−ε, ε] :
From the upper estimate
results the existence of a constant C 3 depending only from ∇u − ∞ , κ ∞ , L ε −ε (c), q 1 and q 0 such that for all t, τ positive and s ∈ [−ε, ε] we have
From the corollary 4.1, the equations (11) and (13) imply :
The uniform Cauchy criterion on the compacts of ∂M ×M 2 implies the convergence when t goes to +∞ of Z(θ, r, s, t) to a fonction X (θ, p, p θ (r, s)) continuous on ∂M × M 2 . The equation (11) ensures the existence and continuity of the partial derivative of X (θ, p, p θ (r, s)) with respect to r.
The equation (12) implies the upper estimate for t, τ ≥ 0 :
which ensures the convergence, uniform over the compacts of ∂M × R, of the family of mappings W(θ, s, t), when t goes to +∞, to a continuous mapping of θ, s. The relations (11), (14) and
imply the uniform convergence, over the compacts of ∂M × R 2 , of the family of mappings ∂Z/∂s(θ, r, s, t), when t goes to +∞, to a continuous mapping. This gives the condition of derivability with respect to s for the function X (θ, p, p θ (r, s)), thus the derivability with respect to p ′ anounced for the function X (θ, p, p ′ ). The trivial relation
gives the derivability with respect to p. ⋄ Definition 5.1 With the assumptions of the theorem 5.1, for v ∈ T 1 M , v ′ ∈ W CS (v), the limit mapping calculated in the theorem 5.1 is called stable transfer from v ′ to v and is written down :
The extended stable transfer from v ′ to v is the mapping which to ξ ∈ T πv ′ M associates
Corollary 5.1 Let M be a complete, connected, oriented, simply connected surface, equipped with a C ∞ -riemannian metric g whose curvature is negatively pinched : −k 2 0 ≤ K ≤ −k 2 1 < 0, and with a C ∞ -magnetic field κ whose C 1 -norm is bounded, with Jacobi endomorphism satisfying the pinching condition (1), and such that the gradient of the centre-stable space u − is uniformly bounded. The stable transfer and extended stable transfer are of C 1 -class on a given centre-stable manifold.
Proof : This follows from the derivability of the stable transfer stated in the theorem 5.1. ⋄ The symplectic structure of the space of geodesics (section 3) leads to the following result.
Theorem 5.2 Let M be a complete, connected, oriented, simply connected surface, equipped with a C ∞ -riemannian metric g whose curvature is negatively pinched : −k 2 0 ≤ K ≤ −k 2 1 < 0, and with a C ∞ -magnetic field κ whose C 1 -norm is bounded, with Jacobi endomorphism satisfying the pinching condition (1), and such that the gradient of the centre-stable u − (respectively centre-unstable u + ) spaces is uniformly bounded. For a given point θ at infinity, and unitary vectors v, v ′ belonging to the centre-stable manifold W CS (θ) determined by θ, the family of mappings (v, v ′ ) → y + (v ′ , t)/y + (v, t) converges uniformly when t goes to +∞ to a continuous mapping. The limit mapping admits a partial derivative with respect to v ′ (in the direction W CS (θ)), continuous with respect to (v, v ′ ).
Proof : Following the formula (5), for v, v ′ ∈ T 1 M , t ∈ R + , we have
.
Because the gradient of (u + − u − ) is uniformly bounded, the quotient (
tends to one uniformly over the compacts, when t goes to +∞, this fact implying the uniform convergence over the compacts : 
The extended unstable transfer from v ′ to v is the mapping which to ξ ∈ T πv ′ M associates
The following result is immediate.
Corollary 5.2 Let M be a complete, connected, oriented, simply connected surface, equipped with a C ∞ -riemannian metric g whose curvature is negatively pinched : −k 2 0 ≤ K ≤ −k 2 1 < 0, and with a C ∞ -magnetic field κ whose C 1 -norm is bounded, with Jacobi endomorphism satisfying the pinching condition (1), and such that the gradient of the centre-stable u − (respectively centre-unstable u + ) spaces is uniformly bounded. The unstable transfer and the extended unstable transfer are of C 1 -class on a given centre-stable manifold.
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6 Lyapounoff exponents Theorem 6.1 Let M be a compact, connected, oriented, surface, equipped with a C ∞ -riemannian metric g whose curvature is negatively pinched : −k 2 0 ≤ K ≤ −k 2 1 < 0, and with a C ∞ -magnetic field κ with Jacobi endomorphism satisfying the pinching condition (1) . If the (future) Lyapounoff exponents of the magnetic flow are defined at an element v of T 1 M , then they are defined and constant along its centre-stable manifold W CS (v).
Proof : The compacity insures the uniform bounds over the gradients of κ, u + and u − . It is sufficient to pass to the universal cover of M and to apply the theorems 5.1 and 5.2. ⋄
Horocyclic transport
In this section are collected some tools for the section 8 ; the notations and the assumptions are those of the section 5, particularly of the proof of the theorem 5.1. Let τ (θ, s, t) be the parallel transport along the curve p θ (t, .) which sends T p θ (t,s) M onto T p θ (t,0) M . Let ζ(θ, s, t) be the angle between the vectors τ (θ, s, t)·T θ (s, t) and T θ (0, t). Composing τ with the rotation of angle ζ yields the isometry χ(θ, s, t) = ρ ζ(θ,s,t) τ (θ, s, t)
which sends the direct orthonormal basis (T θ (s, t), N θ (s, t)) onto the direct orthonormal basis (T θ (0, t), N θ (0, t)).
Definition 7.1
The mapping χ(θ, s, t) is called horocyclic transport.
Remark 7.1
The horocyclic transport is continuous on ∂M × R 2 .
In this section the control of χ is precised in different ways.
Lemma 7.1 With the above notations, we have for all
The field Dτ (θ, s, t)/dt is the solution T of
T (θ, 0, t) = 0, thus, due to the upper estimate (4), it satisfies the differential inequality
We have cos ζ(θ, s, t) = τ (θ, s, t)T θ (s, t), T θ (0, t) ,
and
We deduce from this
The formula (4) implies :
Following, due to the upper estimate (16), the rotation satisfies the differential inequality
The definition of χ permits to conclude. ⋄
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We have also the upper estimate
from which follows the :
With the preceding notations, we have for all
The horocyclic transport presents some uniformity.
With the preceding notations, for all θ ∈ ∂M , s ∈ [−ε, ε] and t ∈ R + , we have
which is bounded from above, following the lemma 7.2, by
The covariant derivative with respect to s of A(v(p θ (0, t), θ))χ(θ, s, t) admits the same first term as above for upper bound. The quantity that we aim to estimate in the lemma annulates at s = 0, the upper estimate of the statement is obtained by integrating the expression
over s from 0. ⋄
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Definition 8.1 Let M be a complete, connected, oriented, simply connected surface, equipped with a C ∞ -riemannian metric g whose curvature is negatively pinched : −k 2 0 ≤ K ≤ −k 2 1 < 0, and with a C ∞ -magnetic field κ whose C 1 -norm is bounded, with Jacobi endomorphism satisfying the pinching condition (1), and such that the gradient of the centre-stable space u − is uniformly bounded. For v ∈ T 1 M , t ∈ R, the stable push is the mapping Φ κ,v t 
Proof : The conditions i), ii) and iii) ensure naturally the uniqueness of the solution. Let v be in T 1 M . Let us define θ = v +∞ , p = πv. Taking the notations of the sections 5 and 7, we have N θ (0, t) = n and we define :
We have
The equation (13) implies for t, τ ≥ 0:
By taking
, and with the foregoing upper estimate and the corollary 4.1 we get :
For every compact K of T 1 M ×M , the family of continuous mappings E t v (p θ (r, s)) satisfies the uniform Cauchy condition over K when t tends to +∞. It converges thus towards a mapping continuous over T 1 M × M . Establishing the formulas i) and ii) is immediate. There remains to proof the formula iii).
For w ∈ T 1 M , r ∈ R, ξ ∈ T πw M , ifJ(w, r) is the geodesic Jacobi field along the geodesic curve directed by w, such thatJ(w, 0) = 0 TπwM andJ ′ (w, 0) = Id TπwM , the linear mapping tangent to the exponential satisfies ( [15] , 3.46 p.117) :
From the bounds on the Gauss cuvature results the existence of a constant C 4 such that for all r ∈ [0, 1] :
The derivative of the exponential in every zero vector is the identity of the tangent vector space, and χ(θ, 0, t) is the identity of T p θ (t,0) M . Even by situating in a chart in the neighbourhood of p θ (t, s), there exists a constant C 5 such that : exp
The first term of the last member comes from the effect of the bounds over the Gauss curvature on the exponential, and the second term comes from the lemma 7.2 by carrying out two successive integrations. We deduce the inequality : exp
The quantity d (πψ
. According to the theorem 5.1, there exists a constant C 6 (depending on ε) such that the last integral above is bounded by C 6 L s 0 (c) independently of t, from which we get the upper estimate :
The limit stated in the formula iii) of the theorem is thus obtained. ⋄ The linearization cooperates to some extent with the magnetic flow.
Proof : This immediately results from the construction of the theorem 8.1. ⋄ 9 Regularity of the linearization Theorem 9.1 Let M be a complete, connected, oriented, simply connected surface, equipped with a C ∞ -riemannian metric g whose curvature is negatively pinched : −k 
Proof : It is clear that the mapping E v is surjective. It is a local C 2 -diffeomorphism according to the theorem 9.1, it is therefore a cover of T π(v) M (which is isomorphic to R 2 ), and consequently it is a diffeomorphism. ⋄ Remark 9.1 We may notice that the mapping v → E v (p) with p fixed cannot be absolutely continuous.
Let v and w be two unitary tangent vectors belonging to a same unstable manifold, such that p belongs to the curve directed by v. The vectors ψ t v and ψ t w are arbitrarily close when t tends to −∞. The orthogonal component of E ψtv (p) is zero and the norm of the orthogonal component of E ψtw (p) tends to +∞ when t tends to −∞.
Flow conjugacy
Theorem 10.1 Let M be a closed (compact without boundary), connected, oriented surface. Let g 1 and g 2 be two C ∞ -riemannian metrics over M whose curvatures are negatively pinched : −k M is well-known [11, 20, 26] . Let v be a T -periodic vector for ψ 1 ; its conjugate hv is T -periodic for ψ 2 and the conjugacy h maps W S (v) onto W S (hv). The linearizations associated to ψ i are written down E i for i = 1, 2. Let A be the bijection, restricted to the orthogonal spaces identified to the real line, defined as follows :
The Lyapounoff exponents are written down :
λ −,1 (v) = −λ +,1 (v) and λ −,2 (hv) = −λ +,2 (hv).
Let us denote : ν 1 = e T λ−,1(v) = y −,1 (v, T ) and ν 2 = e T λ−,2(hv) = y −,2 (hv, T ).
According to the corollary 8.1, for each of the two flows, every T -periodic vector v satisfies :
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For all n ∈ N and ξ ∈ R we therefore have :
A(ν Thus for all natural integer n we have : which implies for all n ∈ N ⋆ : ln ν 2 ≤ α ln ν 1 + ln C − ln |A(1)| n and ln ν 1 ≤ α ln ν 2 + ln C + α ln |A(1)| n .
By making n tend to +∞ there comes ln ν 2 ≤ α ln ν 1 and ln ν 1 ≤ α ln ν 2 , from which comes α = 1 and ln ν 2 = ln ν 1 ;
thus the Lyapounoff exponents coincide on the periodic orbits. ⋄ The following result is a direct consequence of a property of transitive Anosov flows on 3-manifolds [24] . is supposed to have a negative Jacobi endomorphism (thus satisfying the pinching condition (1)). If the magnetic flow ψ
